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Abstract
We develop a systematic study of the equations of motion in the first order gravity with matter
fields for degenerate metrics. Like the Hilbert-Palatini action functional for pure gravity, the action
functionals for matter fields used are first order. These are defined for both invertible and non-
invertible metrics. Description for invertible metrics is equivalent to second order gravity theory
with matter. For degenerate metrics the theory describes a different phase. The analysis for tetrads
with one zero eigen value in theory with scalar, Abelian vector gauge and fermion matter fields is
presented in detail.
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I. INTRODUCTION
The usual standard description of gravity based on Einstein-Hilbert action functional is
the second order formulation constructed with invertible metrics (det gµν 6= 0). Matter fields
are also coupled here with action functionals which are defined for non-degenerate metrics.
There is another theory of gravity based on Hilbert-Palatini action given in terms tetrads
eIµ and SO(1, 3) connection fields ω
IJ
µ . In this description both the tetrads and connection
fields are taken to be independent in the action functional. This first order formulation
differs from the standard second order formulation in an important aspect: the first order
theory is defined for both non-degenerate (det eIµ 6= 0) and degenerate (det e
I
µ = 0) metrics.
For invertible tetrads, this formulation is equivalent to that of the second order formulation.
However, there is an additional phase here characterized by degenerate tetrads which has
significantly different structure. This, therefore, provides a framework for a detail study of
degenerate metrics. Interest in degenerate metrics has a long history [1–7]. Quantum theory
in first order formalism would include contributions from configurations with both non-
degenerate and degenerate tetrads in the functional integral. Further, degenerate spacetimes
have also been invoked in the discussion of topology change [7, 8]. Topology changes may
occur in quantum theory of spacetime. It is also possible that these may originate even in
classical theory [7].
Recently a systematic detail study of non-invertible tetrads configurations in first order
gravity has been developed [9, 10]. For degenerate tetrads the theory is shown to possess
solutions of vacuum equations of motion which generically exhibit presence of torsion. This
special property follows even in absence of any matter fields.
The analysis in the first order gravity in [9, 10] was done without presence of any matter
fields. To extend this to include matter fields, we need to introduce matter field action
functionals which are also first order. For a fermion field, the standard action functional used
is already first order. On the other hand, usually used actions for other fields like scalar and
gauge fields have second order forms and these are defined only for invertible metrics. There
is a straight forward procedure to construct first order action functionals from the second
order actions by applying the general Ostrogradsky construction for lowering the number
of derivatives by introducing additional auxiliary field variables[11]. The first order matter
actions so constructed then turn out to have a special structure which allows us to define
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them for both invertible and non-invertible tetrads. Displaying this structure explicitly, in
the following, we shall use these action functionals for matter fields. For invertible metrics,
these lead to equations of motion which are exactly equivalent to those obtained from the
second order action functionals and hence, at classical level, are exactly equivalent to the
usual second order formulations. For degenerate metrics there is a different structure which
will be studied here in detail for tetrads with one zero eigen value.
The article has been organized as follows. In Section II, we discuss coupling of a scalar
matter field in first order gravity by writing a first order action for the scalar field. The action
functional is defined for both invertible and non-invertible tetrads. For pedagogical clarity,
we explicitly demonstrate that, for non-degenerate tetrads, this theory is exactly equivalent
to the standard theory of scalar matter field coupled to second order Einstein-Hilbert gravity.
Next we present the analysis for degenerate tetrads with one zero eigenvalue displaying the
detail structure of the equations of motion. Sections III contains the analysis for first order
gravity theory containing a vector gauge field. First order action functional for the vector
field introduced is defined for both non-degenerate and degenerate tetrads. For invertible
tetrads, the theory as expected is equivalent to the second order gravity theory coupled
to Maxwell electromagnetism. For completeness, we show that indeed is the case. This is
followed by a detail analysis for degenerate tetrads. In Section IV, we extend the discussion
to first order gravity with fermions presenting the analysis for both non-degenerate and
degenerate metrics. Lastly Section V contains some concluding remarks.
II. FIRST ORDER SCALAR FIELD ACTION
We describe the coupling of a scalar field in first order gravity through the action:
S = SHPΛ + Sscalar (1)
where SHPΛ is the Hilbert-Palatini action functional with cosmological constant (Λ) term:
SHPΛ =
1
8κ2
∫
d4x ǫµναβ ǫIJKL e
I
µe
J
ν
(
R KLαβ (ω) −
Λ
3
eKα e
L
β
)
(2)
and
R KLαβ (ω) = ∂[αω
KL
β] + ω
KM
[α ω
L
β]M (3)
3
is the field strength of the SO(1, 3) gauge field ω IJµ . In this action independent fields are
tetrad eIµ and connection ω
IJ
µ . The matter action functional for the scalar field coupled to
the tetrad is:
Sscalar =
1
6
∫
d4x ǫµναβ ǫIJKL e
J
ν e
K
α e
L
β
[
∂µφ B
I +
1
8
eIµ
(
BMBM − m
2φ2
)]
(4)
This action functional contains two independent fields, the scalar field φ and BI .
Note here the Greek indices (µ, ν, α, β) indicate the spacetime coordinates and Latin
letters (I, J, K, L, M) label internal SO(1, 3) indices which are raised and lowered by the
flat metric ηIJ = dia (−1, 1, 1, 1) = ηIJ . Completely antisymmetric epsilon symbols
take constant values 0 and ±1 with ǫtxyz = +1 and ǫ0123 = +1.
Like the Hilbert-Palatini action SHPΛ, the matter action functional Sscalar is first order
and is defined for both invertible and non-invertible tetrads. Inverse tetrad does not appear
anywhere in these expressions. However, as we shall see below, this matter action functional
is exactly equivalent to standard second order action for the scalar field φ of mass m for
non-degenerate tetrads.
We now obtain Euler-Lagrange equations of motion by varying the total action (1) with
respect all the independent fields, eIµ, ω
IJ
µ , φ, and B
M . Variations with respect to BM and
φ yield respectively:
ǫµναβ ǫIJKL e
J
ν e
K
α e
L
β
[
∂µφ δ
I
M +
1
4
eIµ BM
]
= 0 (5)
ǫµναβ ǫIJKL
[
∂µ
(
eJν e
K
α e
L
β B
I
)
+
m2
4
eIµe
J
ν e
K
α e
L
β φ
]
= 0 (6)
Next, variations of action (1) with respect to the connection field ω IJµ and tetrad field e
I
µ
respectively lead to the Euler-Lagrange equations of motion:
ǫµναβ ǫIJKL e
K
ν Dα(ω)e
L
β = 0 (7)
ǫµναβ ǫIJKL e
J
ν
[
R KLαβ (ω) −
2Λ
3
eKα e
L
β
]
= − 4κ2 T µI (8)
where
T
µ
I ≡
1
2
ǫµναβ ǫIJKL e
J
ν e
K
α
[
∂βφ B
L +
1
6
eLβ
(
BMB
M − m2φ2
)]
(9)
Here Dµ(ω)e
I
ν ≡ ∂µe
I
ν + ω
I
µ J e
J
ν is the SO(1, 3) gauge covariant derivative of the tetrad.
From Eqn.(8), by applying a gauge covariant derivative, we obtain:
4κ2 Dµ(ω)T
µ
I = − ǫ
µναβ ǫIJKL Dµ(ω)e
J
ν R
KL
αβ (ω) (10)
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where the covariant derivative is: Dµ(ω)T
µ
I ≡ ∂µT
µ
I + ω
J
µI T
µ
J . To obtain this equation
we have used the equation of motion (7) and also the Bianchi identity:
D[µ(ω)R
KL
αβ] (ω) ≡ 0 (11)
Note that, like the action functional (1), the Euler-Lagrange equations of motion (5-8)
obtained from it are defined for both invertible and non-invertible tetrads. We shall now
analyze these for non-degenerate and degenerate tetrads separately.
A. Invertible tetrads
For the sake of completeness, for invertible tetrads, we shall now demonstrate that this
theory is exactly same as the second order theory of a scalar field coupled to gravity.
For tetrads with non-zero determinant e ≡ det eIµ,
ǫµναβ ǫIJKL e
I
µe
J
ν e
K
α e
L
β = 24 e 6= 0, (12)
the inverse tetrad eµI is defined through relations:
e
µ
I e
I
ν = δ
µ
ν , e
µ
I e
J
µ = δ
J
I
For the spacetime metric gµν = e
I
µe
J
ν ηIJ , the inverse is g
µν = eµI e
ν
J η
IJ and g ≡ det gµν =
−e2.
Using Eqn.(12) and the identity ǫµναβ ǫIJKL e
J
ν e
K
α e
L
β = 6ee
µ
I , it is straight forward to
check that the scalar action functional (4) can be written as:
Sscalar =
∫
d4x e
[
e
µ
I ∂µφ B
I +
1
2
(
BMB
M − m2 φ2
)]
(13)
and first order Euler-Lagrange equations of motion (5) and (6) can be respectively recast
as:
BI = − e
µ
I ∂µφ (14)
∂µ
(
ee
µ
IB
I
)
+ em2φ = 0 (15)
Eqn.(14) is a constraint reflecting the fact that BI is not an independent field. Using this
constraint in the matter action (13), we obtain
Sscalar = −
1
2
∫
d4x e
[
gµν∂µφ ∂νφ + m
2φ2
]
(16)
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which is the standard second order action for a scalar field φ of mass m in curved spacetime.
Again using the constraint (14) in the first order equation of motion (15) leads to
−∂µ (eg
µν∂νφ) + em
2φ = 0 (17)
which is the standard second order equation of motion for scalar field in curved spacetime.
This equation can also be obtained directly by varying the second order scalar field action
(16) with respect to φ.
Next, using (12) and the identity ǫµναβ ǫIJKL e
I
µe
J
ν = 2ee
[α
Ke
β]
L , the Hilbert-Palatini action
(2) can easily be seen to lead to
SHPΛ =
1
2κ2
∫
d4x e [ R − 2Λ ] (18)
where R ≡ eµI e
ν
J R
IJ
µν (ω).
For non-degenerate tetrads, the equations of motion (7) is equivalent to
D[α(ω) e
I
β] = 0 (19)
This is the no-torsion condition. This equation reflects the fact that ω IJµ are not independent
fields and can be solved in terms of tetrads:
ω IJµ = ω
IJ
µ (e) ≡
1
2
(
eαI∂[µe
J
α] − e
αJ∂[µe
I
α] − eµKe
αIeβJ∂[αe
K
β]
)
(20)
Now using Eqn.(12) and identities ǫµναβ ǫIJKL e
J
ν = e e
[µ
I e
α
Ke
β]
L and ǫ
µναβ ǫIJKL e
J
ν e
K
α e
L
β = 6ee
µ
I ,
it is straight forward to check that the last equation of motion (8) can be recast as;
R
µ
I −
1
2
e
µ
I R = κ
2 T˜
µ
I − e
µ
I Λ (21)
where R µI ≡ e
α
I e
β
Le
µ
K R
KL
αβ (ω) and R ≡ e
I
µ R
µ
I ≡ e
α
I e
β
J R
IJ
αβ (ω) and e T˜
µ
I ≡ T
µ
I
with T µI of Eqn.(9) given by:
T
µ
I ≡ e T˜
µ
I = e
[
− e
β
I e
µ
L ∂βφ B
L + eµI
(
e
β
L ∂βφ B
L +
1
2
BLB
L −
1
2
m2φ2
)]
= e
[
e
β
I ∂βφ ∂
µφ −
1
2
e
µ
I
(
(∂φ)2 + m2φ2
)]
(22)
where (∂φ)2 ≡ gµν ∂µφ ∂νφ. Here we have used the constraint (14) in writing the last step.
As expected, varying the second order total action S = SHPΛ + Sscalar where these two
pieces of action are as in Eqns. (18) and (16) with connection field as in (20), with respect
to the tetrad eIµ directly yields second order equation of motion (21).
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Lastly, for invertible tetrads, we notice that Eqn.(10) leads to the conservation equation:
Dµ(ω)T
µ
I ≡ Dµ(ω)
(
e T˜
µ
I
)
= 0 (23)
where we have used the no-torsion condition (19).
For invertible tetrads where the connection fields are given in terms of tetrad fields as
in Eqn.(20), the local SO(1, 3) field strength R IJµν (ω) is related to the Riemann curvature
R
ρ
µνλ (Γ) written in terms of Christoffel symbol Γ
λ
µν as:
R
ρ
µνλ (Γ) = eλIe
ρ
J R
IJ
µν (ω)
With this we clearly notice that equations in (21) are the standard second order Einstein
field equations for gravity with scalar matter. Note that T˜ µν ≡ eµI T˜ νI constructed from
(22) is the standard stress-energy tensor for the scalar field matter with Eqn.(23) as the con-
servation condition for the stress-energy tensor. Thus first order theory is exactly equivalent
to the standard theory of gravity for invertible tetrads. However, first order theory has an
additional phase containing solutions with degenerate tetrads.
B. Non-invertible tetrads
We shall now study the case where the tetrad eIµ has one zero eigenvalue. We parameterize
this tetrad as:
eIµ =

 0 0
0 eia

 (24)
where eIt = e
0
a = 0 and the 3 × 3 block of triads e
i
a (i = 1, 2, 3; a = x, y, z) is invertible
with det eia ≡ eˆ 6= 0. Inverse triad will be denoted by eˆ
a
i : eˆ
a
i e
j
a = δ
j
i , eˆ
a
i e
i
b = δ
a
b . The
degenerate metric is:
gµν = e
I
µ e
J
ν ηIJ =

 0 0
0 gab

 ; gab = eiaeib
Let us now analyze the Euler-Lagrange equations of motion (5-8) for the degenerate
tetrad (24). The matter Euler-Lagrange equations of motion (5) and (6) lead to:
∂tφ = 0; ∂t
(
eˆB0
)
= 0 (25)
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where we have used the identity 6eˆ = ǫabc ǫijk e
i
ae
j
be
k
c . Thus this set of Euler-Lagrange
equations of motion make the scalar field φ and (eˆ B0) time independent. Note that there
are no constraints on ∂aφ and B
i.
Next we shall study Euler-Lagrange equations of motion (7) and (8) following closely the
discussions in [9]. For degenerate tetrad (24), twenty four equations of motion in (7) can be
broken into four sets of 3, 3, 9, and 9 equations respectively as follows:
ǫabc ǫjkl e
k
aDb(ω)e
l
c = 0 (26)
ǫabc ǫijk e
k
aDb(ω)e
0
c = 0 (27)
ǫabc ǫijk e
j
bDt(ω)e
k
c = 0 (28)
ǫabc ǫijk e
j
bDt(ω)e
0
c = 0 (29)
The last equation (29) is solved by
ω 0it = 0 (30)
Next, Eqn.(28) implies that Dt(ω)e
i
a ≡ ∂te
i
a + ω
ij
t e
j
a = 0, which can be solved for ω
ij
t as:
ω
ij
t = eˆ
a
i ∂te
j
a = e
i
a∂teˆ
a
j = − eˆ
a
j∂te
i
a = − e
j
a∂teˆ
a
i . Note that ∂tgab ≡ Dt(ω)e
i
a e
i
b + e
i
aDt(ω)e
i
b =
0. This implies that t dependence of the triad fields eia is only a gauge artifact and hence
can be rotated away completely by an internal space O(3) rotation. Thus we make a gauge
choice such that
∂te
i
a = 0 and hence ω
ij
t = 0 (31)
Eqn.(27) can be solved by:
ω 0ja ≡ M
j
a = e
i
a M
ij with M ij = M ji (32)
These fix three components of ω 0ja represented by the antisymmetric part of the matrix
M ij , M ij −M ji = 0, leaving six components in the symmetric matrix M ij undetermined.
Lastly, Eqn.(26) is solved by:
ω ija = ω¯
ij
a (e) + κ
ij
a = ω¯
ij
a (e) + ǫ
ijkN ka , N
k
a = e
l
a N
lk with N lk = Nkl ,
ω¯ ija (e) ≡
1
2
(
eˆbi∂[ae
j
b] − eˆ
b
j∂[ae
i
b] − e
l
a eˆ
b
i eˆ
c
j∂[be
l
c]
)
(33)
Here ω¯ ija (e) is the torsion-free connection satisfying
D[a(ω¯) e
i
b] = 0 (34)
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Thus, finally, of all the twenty four components of the gauge fields ω IJµ , we have fixed
twelve by equations of motion (26 - 29). Rest twelve represented by two 3 × 3 symmetric
matrices M ij and N ij introduced in Eqns.(32) and (33) are left undetermined.
Now we shall analyze the last Euler-Lagrange equation of motion (8) for non-invertible
tetrads. We start by listing various components of T µI of Eqn. (9) for the degenerate tetrad
(24):
T t0 ≡ eˆ Tˆ
t
0 = eˆ
[
eˆck ∂cφ B
k +
1
2
(
BMB
M − m2φ2
)]
(35)
T ti ≡ eˆ Tˆ
t
i = − eˆ eˆ
c
i ∂cφ B
0 (36)
T a0 ≡ eˆ Tˆ
a
0 = − eˆ eˆ
a
k ∂tφ B
k (37)
T ai ≡ eˆ Tˆ
a
i = eˆ eˆ
a
i ∂tφ B
0 (38)
Since due to the matter equations of motion (25) the scalar field φ does not have any t
dependence the last two components vanish:
T a0 = 0 , T
a
i = 0 (39)
For degenerate tetrads (24), it is convenient to split the sixteen equations of motion in
(8) into four sets of 1, 3, 3 and 9 equations as follows:
κ2 T t0 ≡ eˆ κ
2 Tˆ t0 = −
1
2
eˆ
[
eˆbk eˆ
c
l R
kl
bc (ω) − 2Λ
]
(40)
κ2 T ti ≡ eˆ κ
2 Tˆ ti = eˆ eˆ
b
i eˆ
c
l R
0l
bc (ω) (41)
κ2 T a0 ≡ eˆ κ
2 Tˆ a0 = eˆ eˆ
a
k eˆ
b
l R
kl
tb (ω) (42)
κ2 T ai ≡ eˆ κ
2 Tˆ ai = eˆ eˆ
a
[i eˆ
b
j] R
0j
tb (ω) (43)
We now use Eqns.(35-39) in these equations. Using T a0 = 0 and T
a
i = 0 in the equations
of motion (42) and (43) respectively lead to:
eˆai R
ij
ta (ω) = 0 (44)
R 0ita (ω) = ∂tM
i
a = 0 (45)
where we have used ω 0lt = 0 from Eqn.(30) and ω
0j
a ≡ M
j
a from Eqn.(32). Next,
equation of motion (41) and Eqn.(36) imply:
eˆbl R
0l
ab (ω) = eˆ
b
l D[a(ω¯)M
l
b] = κ
2 eia Tˆ
t
i = − κ
2 ∂aφ B
0 (46)
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where we have used Eqn.(32) with M ij = M ji and Eqn.(33) which implies eˆbl κ
lm
b = 0
due to N ij = N ji.
Lastly we study the equation of motion (40). For this, breaking ω ija into torsion-free part
ω¯ ija (e) and contorsion part as in Eqn.(33), we find that
1
R
ij
ab (ω) = R¯
ij
ab (ω¯) + ǫ
ijkD[a(ω¯)N
k
b] − N
i
[aN
j
b] + M
i
[aM
j
b]
= R¯ ijab (ω¯) − ǫ
ijk el[a Db](ω¯) N
lk +
(
M liMkj − N liNkj
)
el[a e
k
b]
where R¯ ijab (ω¯) ≡ ∂[aω¯
ij
b] + ω¯
ik
[a ω¯
kj
b] . Using this fact in the equation of motion (40), we
obtain the constraint:
eˆbk eˆ
c
l R¯
kl
bc ((ω¯) −
(
MklM lk −MkkM ll
)
+
(
NklN lk −NkkN ll
)
− 2 Λ
= − 2κ2 Tˆ t0 = − 2κ
2
[
eˆck ∂cφ B
k +
1
2
(
BMB
M −m2φ2
)]
(47)
where we have used the property that matrix N ij is symmetric.
Thus, we have four new constraint equations in (44-47) in addition to those in (30-33)
obtained earlier. Note that constraint (44) does not give us any additional information as it
is identically satisfied when constraints (30-33) are used. This can readily be seen by noting
that R ijta (ω) = ∂tω
ij
a = ∂tκ
ij
a when constraints constraints (30), (31) and (33) hold. Now
eˆai R
ij
ta (ω) = ∂t (eˆ
a
i κ
ij
a ) = 0 because eˆ
a
i κ
ij
a ≡ ǫ
ijk eˆaiN
k
a = ǫ
ijkN ik ≡ 0 due to the
symmetric character of the matrix N ij .
A particular solution of constraints (45) and (46) is provided by:
M ia = λ e
i
a , ⇔ M
ij = λ δij (48)
where
∂tλ = 0 , ∂aλ =
κ2
2
eia Tˆ
t
i = −
κ2
2
∂aφ B
0 (49)
Using this in the constraint (47) leads to the master constraint:
eˆbk eˆ
c
l R¯
kl
bc (ω¯) + 6λ
2 − 2Λ− ξ = − 2κ2 Tˆ t0
= − 2κ2
[
eˆck ∂cφ B
k +
1
2
(
BMB
M −m2φ2
)]
(50)
where
ξ ≡ NkkN ll −NklN lk (51)
1 Note that the sign of M i[aM
j
b] term is positive as against that in the Euclidean gravity studied earlier [9].
This sign is due to the Lorentzian nature of the internal metric ηIJ .
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Note from Eqn.(50), we have
∂tξ = 2κ
2 ∂tTˆ
t
0 = κ
2 [eˆck ∂cφ+Bk] ∂tB
k (52)
where we use the fact that, by equations of motion, all fields except N ij (and hence ξ) and
Bi are t independent in (50).
This completes our analysis of all the Euler-Lagrange equations of motion for degenerate
tetrad (24). The connection fields ω IJµ are all given by (30-33) and (48, 49). Further, we
have the master constraint (50) relating geometric quantities to the matter fields.
Lastly, we analyze the equation (10). For degenerate tetrads (24), this equation is iden-
tically satisfied for I = i; both the left-hand side and right-hand side are zero. For I = 0,
this equation is exactly the same as (52).
III. FIRST ORDER ABELIAN GAUGE FIELD ACTION
Now we consider vector gauge fields coupled to gravity. The discussion will be developed
in detail for U(1) vector gauge field. Generalization to more general non-Abelian vector
gauge fields is straight forward.
For an Abelian vector gauge field Aµ coupled to gravity, we start with the action:
S = SHPΛ + SEM (53)
where SHPΛ is the Hilbert-Palatini action functional with cosmological constant (2) and the
matter action functional is
SEM =
1
8
∫
d4x ǫµναβǫIJKL e
K
α e
L
β
[
Fµν B
IJ +
1
12
eIµe
J
ν BMNB
MN
]
(54)
Here Fµν ≡ ∂µAν − ∂νAµ is the field strength of the vector gauge field Aµ and six additional
fields are introduced through BMN which is antisymmetric in the SO(1, 3) internal space
labels: BMN = − BNM . Like SHPΛ, the matter field action functional SEM is first order
and is defined for both non-degenerate and degenerate tetrads.
Varying the action functional (53) with respect to BMN and Aµ, respectively leads to the
following Euler-Lagrange equations of motion:
ǫµναβǫIJKL e
K
α e
L
β
[
Fµν δ
I
Mδ
J
N +
1
6
eIµe
J
ν BMN
]
= 0 (55)
ǫµναβǫIJKL ∂ν
(
eKα e
L
β B
IJ
)
= 0 (56)
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Note that these equations of motion are defined for both invertible and non-invertible tetrads.
As we shall see below, for non-degenerate tetrads, these two first order equations are equiv-
alent to standard Maxwell equations of motion for electromagnetic field in curved space
time.
Now varying the action (53) with respect to the connection ω IJµ and tetrad e
I
µ respectively
yields the Euler-Lagrange equations of motion:
ǫµναβ ǫIJKL e
K
ν Dα(ω)e
L
β = 0 (57)
ǫµναβ ǫIJKL e
J
ν
[
R KLαβ (ω) −
2Λ
3
eKα e
L
β
]
= − 4κ2 T µI (58)
which are same as the equations (7) and (8) obtained for the scalar matter theory except
for T µI on the right side of the second equation which, for the Abelian vector field matter,
is now given by:
T
µ
I ≡
1
4
ǫµναβ ǫIJKL e
J
ν
(
Fαβ B
KL +
1
6
eKα e
L
β BMNB
MN
)
(59)
Also from (58), using equation of motion (57) and Bianchi identity, we notice that this T µI
for the vector matter field has to obey the following equation:
4κ2 Dµ(ω)T
µ
I = − ǫ
µναβ ǫIJKL Dµ(ω)e
J
ν R
KL
αβ (ω) (60)
Like the action functional (53) and the matter equations of motion (55) and (56), the
gravity equations of motion (57) and (58) are also defined for both invertible and non-
invertible tetrads.
A. Non-degenerate tetrads
For invertible tetrads, del eIµ ≡ e 6= 0, we can use the identities: ǫ
µναβ ǫIJKL e
K
α e
L
β
= 2e e
[µ
I e
ν]
J and ǫ
µναβ ǫIJKL e
K
α e
L
βe
I
µe
J
ν = 24e to rewrite the matter action functional (54)
as:
SEM =
1
2
∫
d4x e
(
e
µ
I e
ν
J Fµν B
IJ +
1
2
BMNB
MN
)
(61)
and Euler-Lagrange equations of motion (55) and (56) respectively can be written as:
e
µ
Me
ν
N Fµν + BMN = 0 (62)
∂ν
(
e e
µ
I e
ν
J B
IJ
)
= 0 (63)
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The first equation reflect the fact that BMN are not independent fields. Use this constraint
equation in the second equation (63) to obtain the second order equation as:
∂ν
(
e gµαgνβ Fαβ
)
= 0 (64)
Substitute the constraint (62) in the matter action (61) to write it as:
SEM = −
1
4
∫
d4x e Fµν Fαβ g
µαgνβ (65)
which is the standard second order form of the action functional with (64) as the equation
of motion for electromagnetic field in curved spacetime.
For invertible tetrads, using identities ǫµναβ ǫIJKL e
J
ν = e e
µ
[Ie
α
Ke
β
L] and ǫ
µναβ ǫIJKL e
J
ν e
K
α e
L
β
= 6eeµI , equation (59) can be written as:
T
µ
I =
e
4
[
− 4FIKB
νK + eνI
(
2FKLB
KL + BKLB
KL
)]
where FIK ≡ e
µ
I e
ν
K Fµν and B
µI ≡ e
µ
KB
KI . This, on using the constraint (62), becomes:
T νI ≡ e T˜
ν
I = e
[
F νKFIK −
1
4
eνI FαβF
αβ
]
(66)
The Euler-Lagrange equation of motion (57) is the same as that in the case of scalar
matter field discussed earlier and, for invertible tetrads, is solved exactly by the torsion-free
connection fields given in terms of the tetrads, ω IJµ = ω
IJ
µ (e) as in Eqn.(20). Also for this
torsion-free connection, from Eqn.(60) we notice that T µI of Eqn.(66) has to satisfy the
condition:
Dµ(ω)T
µ
I ≡ Dµ(ω)
(
e T˜
µ
I
)
= 0 (67)
Same discussion as was done for the scalar matter field case earlier, allows us to write
the other Euler-Lagrange equation (58) for invertible tetrads as:
R
µ
I −
1
2
e
µ
I R = κ
2 T˜
µ
I − e
µ
I Λ (68)
where R µI ≡ e
α
I e
β
Le
µ
K R
KL
αβ (ω) and R ≡ e
I
µ R
µ
I ≡ e
α
I e
β
J R
IJ
αβ (ω) with now T˜
µ
I for
electro-magnetic field given by of Eqn.(66). Clearly, Eqns.(68) are the standard second order
Einstein field equations for gravity with electromagnetic matter obtained in the usual second
order formalism. Note that T˜ µν = eµI T˜ νI =
(
F µαF ν α −
1
4
gµν FαβF
αβ
)
is the standard
stress-energy tensor for the electromagnetic field and Eqn.(67) represents the conservation
condition for this stress-energy tensor.
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B. Degenerate tetrads
Now we analyze the general Euler-Lagrange equations of motion (55 - 58) for tetrads with
one zero eigenvalue as in (24). Matter equations of motion (55) and (56) for this degenerate
tetrad imply:
Fta = 0 ; ∂t
(
eˆ eˆai B
0i
)
= 0 , ∂a
(
eˆ eˆai B
0i
)
= 0 (69)
We have no conditions on Fab and Bij.
Euler-Lagrange equation of motion (57) here is the same as that for the scalar case, and
hence the connection components here are the same:
∂te
i
a = 0 ; ω
0i
t = 0, ω
ij
t = 0 ;
ω oja ≡ M
j
a ≡ e
i
a M
ij with M ij = M ji ;
ω ija = ω¯
ij
a (e) + κ
ij
a ≡ ω¯
ij
a (e) + ǫ
ijkN ka ,
N ka = e
l
aN
lk with N lk = Nkl ,
ω¯ ija (e) ≡
1
2
(
eˆbi∂[ae
j
b] − eˆ
b
j∂[ae
i
b] − e
l
a eˆ
b
i eˆ
c
j∂[be
l
c]
)
(70)
where we have made a gauge choice to make the triads eia as t-independent. Use these
solutions to write the matter Euler-Lagrange equations of motion (69) as:
Fta = 0 ; ∂tB
0i = 0 ,
eˆaiDa(ω¯)B
0i ≡ eˆai
(
∂aB
0i + ω¯ ija B
0j
)
= eˆai
(
∂aB
0i + ω ija B
0j
)
= 0 (71)
where we have used Da(ω) (eˆeˆ
a
i ) = Da(ω¯) (eˆeˆ
a
i ) = 0 to obtain the last equation.
The various components of T µI of (59) for degenerate tetrad (24) now can been written
as:
T t0 ≡ eˆ Tˆ
t
0 =
eˆ
2
(
eˆbkeˆ
c
l B
kl Fbc +
1
2
BMNB
MN
)
T ti ≡ eˆ Tˆ
t
i = eˆ eˆ
b
l eˆ
c
i Fbc B
0l
T a0 ≡ eˆ Tˆ
a
0 = eˆ eˆ
a
keˆ
b
l Fbt B
kl
T ai ≡ eˆ Tˆ
a
i = − eˆ eˆ
a
[ieˆ
b
l] Fbt B
0l (72)
Since Fat = 0 due to the matter equation of motion above, the last two equations here are:
T a0 ≡ eˆ Tˆ
a
0 = 0 , T
a
i ≡ eˆ Tˆ
a
i = 0 (73)
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Like in the scalar matter theory, the sixteen Euler-Lagrange equations of motion in (58)
for degenerate tetrads are:
κ2 T t0 ≡ eˆ κ
2 Tˆ t0 = −
1
2
eˆ
[
eˆbk eˆ
c
l R
kl
bc (ω) − 2Λ
]
(74)
κ2 T ti ≡ eˆ κ
2 Tˆ ti = eˆ eˆ
b
i eˆ
c
l R
0l
bc (ω) (75)
κ2 T a0 ≡ eˆ κ
2 Tˆ a0 = eˆ eˆ
a
k eˆ
b
l R
kl
tb (ω) (76)
κ2 T ai ≡ eˆ κ
2 Tˆ ai = eˆ eˆ
a
[i eˆ
b
j] R
0j
tb (ω) (77)
but with T µI now for vector gauge matter fields as in (72). As earlier, Eqns.(76) and (77)
respectively imply:
eˆai R
ij
ta (ω) = 0 (78)
R 0ita (ω) = ∂tM
i
a = 0 (79)
where we have used (73) and (70). Next, use the second equation in (72) in the equation of
motion (75), to obtain the constraint:
eˆbl R
0l
ab (ω) = eˆ
b
l D[a(ω¯)M
l
b] = κ
2 eia Tˆ
t
i = − κ
2 eˆbl Fab B
0l (80)
Lastly, using the first equation in (72) in the equation of motion (74), we have
eˆbkeˆ
c
l R
kl
bc (ω) − 2Λ = − 2κ
2 Tˆ t0 = − κ
2
(
eˆbkeˆ
c
l Fbc B
kl +
1
2
BMNB
MN
)
which, using ω ija = ω¯
ij
a (e) + ǫ
ijkN ka , can be further seen to be:
eˆbkeˆ
c
l R¯
kl
bc (ω¯) −
(
MklM lk −MkkM ll
)
+
(
NklN lk −NkkN ll
)
− 2Λ
= − 2κ2 Tˆ t0 = − κ
2
(
eˆbkeˆ
c
l Fbc B
kl +
1
2
BMNB
MN
)
(81)
Note that (78) holds identically for configurations satisfying the constraints (70) and a
particular solution to the constraints (79) and (80) is given by
M ia = λ e
i
a , ∂tλ = 0 , ∂aλ =
κ2
2
eiaTˆ
t
i = −
κ2
2
eˆbl Fab B
0l (82)
Using this in Eqn.(81), we have the final master constraint:
eˆbkeˆ
c
l R¯
kl
bc (ω¯) + 6λ
2 − 2Λ − ξ = − 2κ2 Tˆ t0
= − κ2
(
eˆbkeˆ
c
l Fbc B
kl +
1
2
BMNB
MN
)
(83)
where ξ ≡ NkkN ll −NklN lk.
15
Note that, from the constraint (83), using ∂tFbc ≡ − (∂bFct + ∂cFtb) = 0 due to matter
equation of motion, we have:
∂tξ = 2κ
2 ∂tTˆ
t
0 = κ
2
(
eˆbkeˆ
c
l Fbc +Bkl
)
∂tB
kl (84)
This equation is equivalent to Eqn.(60) for I = 0 for degenerate tetrads (24). For I = i,
equation (60) is identically satisfied, as both left-hand and right-hand side are zero for
degenerate tetrads.
IV. FERMION ACTION FUNCTIONAL
Here, for a fermion coupled to gravity in the first order formulation, we start with the
following action:
S = SHPΛ + SF (85)
where SHPΛ is the Hilbert-Palatini action (2) and the fermion matter action is
2:
SF =
1
6
∫
d4x ǫµναβǫIJKL e
J
ν e
K
α e
L
β
[
i
2
ψ γIDµ(ω)ψ −
i
2
Dµ(ω)ψ γ
Iψ +
m
4
eIµ ψψ
]
(86)
where SO(1, 3) covariant derivatives are Dµ(ω)ψ ≡ ∂µψ −
1
2
ω IJµ σIJψ and Dµ(ω)ψ ≡(
Dµ(ω)ψ
)†
γ0 ≡ ∂µψ +
1
2
ω IJµ ψ σIJ with σIJ =
1
4
[γI , γJ ]. Note that fermion action SF , like
Hilbert-Palatini action (2), is defined for both invertible and non-invertible tetrads.
Varying the total action (85) with respect to the independent fields, ψ, ψ, connection
ω IJµ and tetrad e
I
µ, respectively leads to the Euler-Lagrange equations of motion:
ǫµναβǫIJKL e
J
ν e
K
α e
L
β
[
iγIDµ(ω)ψ +
m
4
eIµψ
]
+
3i
2
ǫµναβǫIJKL S
J
µν e
K
α e
L
βγ
Iψ = 0 (87)
ǫµναβǫIJKL e
J
ν e
K
α e
L
β
[
−iDµ(ω)ψ γ
I +
m
4
eIµψ
]
−
3i
2
ǫµναβǫIJKL S
J
µν e
K
α e
L
βψγ
I = 0 (88)
ǫµναβ
[
ǫIJKLe
K
ν Dα(ω)e
L
β +
κ2
2
eνIeαJeβMψγ5γ
Mψ
]
= 0 (89)
ǫµναβ ǫIJKL e
J
ν
[
R KLαβ (ω) −
2Λ
3
eKα e
L
β
]
= − 4κ2 T µI (90)
2 Our gamma matrices satisfying the Clifford algebra γIγJ + γJγI = −2ηIJ , with ηIJ = ηIJ =
dia (−1,+1,+1,+1), are γ0 =

 0 1
1 0

, γi =

 0 σi
−σi 0

, with γ5 = −iγ0γ1γ2γ3 = iγ0γ1γ2γ3 =

 1 0
0 −1

. Note that (γ0)† = γ0 , (γi)† = −γi; (σ0i)† = σ0i, (σij)† = −σij and σLKγI − γIσLK =
δI[LγK]; γ
IσLK + σLKγI = iǫILKMγ5γM .
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where 2S Iµν ≡ D[µ(ω)e
I
ν] is the torsion and
T
µ
I =
1
4
ǫµναβǫIJKL e
J
ν e
K
α
[
iψγLDβ(ω)ψ − iDβ(ω)ψ γ
Lψ +
2m
3
eLβ ψψ
]
(91)
Apply covariant derivative to Eqn.(90) and use Bianchi identity and Eqn.(89) to obtain the
constraint on this T µI as:
4κ2 Dµ(ω)T
µ
I = − ǫ
µναβ ǫIJKL Dµ(ω)e
J
ν R
KL
αβ (ω) (92)
Like in the earlier cases, all the Euler-Lagrange equations of motion above are defined
for both non-degenerate and degenerate tetrads.
A. Invertible tetrads
For non-degenerate tetrads, it is straight forward to check that the fermion action (86)
can be written in the standard form:
SF =
∫
d4x e
[
i
2
ψe
µ
I γ
IDµ(ω)ψ −
i
2
Dµ(ω)ψ e
µ
I γ
Iψ + mψψ
]
(93)
and the fermion equations of motion (87) and (88) take the form:
ie
µ
I γ
IDµ(ω)ψ + mψ − ie
µ
I e
ν
JS
I
µν γ
Jψ = 0
− ie
µ
IDµ(ω)ψ γ
I + mψ + ieµI e
ν
JS
I
µν ψγ
J = 0 (94)
Next, for invertible tetrads, the equation of motion (89) can be simplified to
2SαβI ≡ D[α(ω)eβ]I = −
κ2
2
ǫIJKLe
J
αe
K
β ψγ5γ
Lψ (95)
indicating presence of matter induced torsion. This equation can be solved for the twenty
four connection components as:
ω IJµ = ω
IJ
µ (e) + κ
IJ
µ (96)
where ω IJµ (e) is the torsion-free connection (20), D[µ(ω(e))e
I
ν] = 0, and contorsion is:
κ IJµ =
κ2
4
ǫIJKL eµK ψγ5γLψ (97)
Finally, equation of motion (90) for invertible tetrads can be cast in the standard form:
R
µ
I −
1
2
e
µ
I R = κ
2 T˜
µ
I − e
µ
I Λ (98)
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where R µI ≡ e
α
I e
β
Le
µ
K R
KL
αβ (ω) and R ≡ e
I
µ R
µ
I ≡ e
α
I e
β
J R
IJ
αβ (ω) with now T˜
µ
I of (91)
for fermion fields as:
T
µ
I ≡ e T˜
µ
I = e
[
e
µ
I
(
i
2
ψ e
β
Lγ
L Dβ(ω)ψ −
i
2
Dβ(ω)ψ e
β
Lγ
L ψ +mψ ψ
)
− e
µ
Le
β
I
(
i
2
ψ γL Dβ(ω)ψ −
i
2
Dβ(ω)ψ γ
L ψ
)]
(99)
Eqns.(98) with the connection fields given by (96) and (97), are the second order Einstein
field equations. However, notice that this theory is not exactly same as the standard second
order theory obtained from Einstein-Hilbert action with fermion matter described by an
action obtained by minimal coupling prescription. This well known difference lies in Eqns.(95
- 97) reflecting presence of fermion dependent torsion in the theory discussed above. This
is in contrast to the standard second order theory of gravity with fermions which is torsion
free.
B. Non-invertible tetrads
We now analyze the fermion theory for tetrads (24) with one zero eigen value. The
fermion Euler-Lagrange equations of motion (87) and (88) for this degenerate tetrad can be
written as:
Dt(ω)ψ + eˆ
a
i γ
0
(
S ita γ
0 − S 0ta γ
i
)
ψ = 0
Dt(ω)ψ + eˆ
a
i ψ
(
S ita γ
0 − S 0ta γ
i
)
γ0 = 0 (100)
We break twenty four Euler-Lagrange equations of motion in (89) into four sets of 3, 3,
9 and 9 equations as:
ǫabc ǫjkl e
k
aDb(ω)e
l
c = 0 (101)
ǫabc
(
ǫijk e
k
aDb(ω)e
0
c −
κ2
2
eaiebjeckψγ5γ
kψ
)
= 0 (102)
ǫabc ǫijk e
j
bDt(ω)e
k
c = 0 (103)
ǫabc ǫijk e
j
bDt(ω)e
0
c = 0 (104)
Except for (102), all these equations are the same as those obtained for the scalar and vector
theories above. So we can follow similar discussion as earlier to solve these. The solution of
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equations (101), (103) and (104) is given by:
∂te
i
a = 0 ; ω
0i
t = 0, ω
ij
t = 0 ;
ω ija = ω¯
ij
a (e) + κ
ij
a ≡ ω¯
ij
a (e) + ǫ
ijkN ka ,
N ka = e
l
a N
lk with N lk = Nkl ,
ω¯ ija (e) ≡
1
2
(
eˆbi∂[ae
j
b] − eˆ
b
j∂[ae
i
b] − e
l
a eˆ
b
i eˆ
c
j∂[be
l
c]
)
(105)
where, without loss of generality, we have made the gauge choice to make the triads eia
independent of t. The only change appears in the connection component ω 0ia obtained from
(102) which is now:
ω 0ja ≡ M
j
a = e
i
a M
ij = eia
(
M¯ ij + M˜ ij
)
≡ eia
(
M¯ ja + M˜
j
a
)
,
M¯ ij ≡
1
2
(
M ij +M ji
)
, M˜ ij ≡
1
2
(
M ij −M ji
)
=
κ2
2
ǫijk ψγ5γkψ (106)
Thus, three components ofM ij represented by the antisymmetric part M˜ ij are fixed in terms
of the fermions, but other six components in the symmetric part M¯ ij are not determined by
the equations of motion. These are in addition to the six undetermined fields contained in
the symmetric matrix N ij of (105). This solves all the equations of motion in (101-104).
Note that Eqn.(105), implies 2S Ita ≡ Dt(ω)e
I
a −Da(ω)e
I
t = Dt(ω)e
I
a = 0. This, in turn,
for the fermion equations of motion (100) implies:
Dt(ω)ψ = ∂tψ = 0 (107)
Various components of T µI of (91) for degenerate tetrads (24) can be written as:
T t0 ≡ eˆ Tˆ
t
0 = eˆ
[
i
2
eˆal
(
ψγlDa(ω)ψ −Da(ω)ψ γ
lψ
)
+ mψψ
]
(108)
T ti ≡ eˆ Tˆ
t
i = −
i
2
eˆeˆai
(
ψγ0Da(ω)ψ −Da(ω)ψ γ
0ψ
)
(109)
T a0 ≡ eˆ Tˆ
a
0 = −
i
2
eˆeˆal
(
ψγlDt(ω)ψ −Dt(ω)ψ γ
lψ
)
(110)
T ai ≡ eˆ Tˆ
a
i =
i
2
eˆeˆai
(
ψγ0Dt(ω)ψ −Dt(ω)ψ γ
0ψ
)
(111)
We use the solutions (105), (106) and (107) in these equations:
T t0 ≡ eˆ Tˆ
t
0 = eˆ
[
i
2
eˆal
(
ψγlDa(ω¯)ψ −Da(ω¯)ψ γ
lψ
)
+ mψψ
+
1
2
Nllψγ5γ0ψ −
2
κ2
M˜ ijM˜ ij
]
(112)
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T ti ≡ eˆ Tˆ
t
i = −
i
2
eˆeˆai
(
ψγ0Da(ω¯)ψ −Da(ω¯)ψ γ
0ψ +
2i
κ2
ǫlmnN la M
mn
)
(113)
T a0 ≡ eˆ Tˆ
a
0 = 0 (114)
T ai ≡ eˆ Tˆ
a
i = 0 (115)
Now we analyze the last set of sixteen Euler-Lagrange equations contained in (90). As
earlier, we break these into four sets of 1, 3, 3 and 9 equations as:
κ2 T t0 ≡ eˆ κ
2 Tˆ t0 = −
1
2
eˆ
[
eˆbk eˆ
c
l R
kl
bc (ω) − 2Λ
]
(116)
κ2 T ti ≡ eˆ κ
2 Tˆ ti = eˆ eˆ
b
i eˆ
c
l R
0l
bc (ω) (117)
κ2 T a0 ≡ eˆ κ
2 Tˆ a0 = eˆ eˆ
a
k eˆ
b
l R
kl
tb (ω) (118)
κ2 T ai ≡ eˆ κ
2 Tˆ ai = eˆ eˆ
a
[i eˆ
b
j] R
0j
tb (ω) (119)
where now various components of T µI are given by Eqns.(112-115). The last two equations
are exactly the same as earlier for the scalar and vector gauge matter field cases and hence
we have:
eˆai R
ij
ta (ω) = 0 (120)
R 0ita (ω) = ∂tM
i
a = 0 (121)
where we have used ω 0it = 0 and ω
ij
t = 0 in the second equation. From Eqns.(117) and
(113), we have:
eˆbl R
0l
ab (ω) = κ
2 eia Tˆ
t
i
= −
i
2
κ2
(
ψγ0Da(ω)ψ − Da(ω)ψ γ
0ψ
)
= −
i
2
κ2
(
ψγ0Da(ω¯)ψ − Da(ω¯)ψ γ
0ψ
)
+ ǫlmnN la M
mn (122)
Note that
eˆbl R
0l
ab (ω) = eˆ
b
l D[a(ω)M
l
b] = eˆ
b
l D[a(ω¯)M
l
b] + ǫ
lmnN la M
mn
Using this in (122), we have
eˆbl D[a(ω¯)M
l
b] = −
i
2
κ2
(
ψγ0Da(ω¯)ψ − Da(ω¯)ψ γ
0ψ
)
(123)
We break M la as M
l
a = M¯
l
a + M˜
l
a where M¯
l
a ≡ e
m
a M¯
ml and M˜ la ≡ e
m
a M˜
ml with M¯ml and
M˜ml as the symmetric and antisymmetric parts of the matrix Mml. For the antisymmetric
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M˜ ij given in terms of the fermions as in (106), it is straight forward to check that it satisfies
the following equation:
eˆbl D[a(ω¯)M˜
l
b] = −
κ2
4eˆ
gab ǫ
bcd ∂c
(
ψγ5γdψ
)
(124)
where γd ≡ e
i
d γi. Substitute this in (123) to obtain the constraint on the symmetric part
M¯ml as:
eˆbl D[a(ω¯)M¯
l
b] =
κ2
4eˆ
gab ǫ
bcd ∂c
(
ψγ5γdψ
)
−
iκ2
2
(
ψγ0Da(ω¯)ψ − Da(ω¯)ψ γ
0ψ
)
(125)
Now we are left to analyze the Euler-Lagrange equation of motion (116). This we do in
the same manner as in earlier cases of scalar and vector gauge field matter to obtain:
eˆbkeˆ
c
l R¯
kl
bc (ω¯) −
(
MklM lk −MkkM ll
)
+
(
NklN lk −NkkN ll
)
− 2Λ
= − 2κ2 Tˆ t0
= −2κ2
[
i
2
eˆal
(
ψγlDa(ω)ψ −Da(ω)ψ γ
lψ
)
+ mψψ
]
= − 2κ2
[
i
2
eˆal
(
ψγlDa(ω¯)ψ −Da(ω¯)ψ γ
lψ
)
+ mψψ
+
1
2
Nllψγ5γ0ψ −
2
κ2
M˜ ijM˜ ij
]
(126)
As in earlier cases, Eqn.(120) has no additional information beyond that already contained
in (105). Thus we are left with (121), (125) and (126) as the set of constraints. A particular
solution of the constraints (121) and (125) is given by:
M¯ ia = λ e
i
a , ∂tλ = 0 ,
∂aλ =
κ2
8eˆ
gab ǫ
bcd ∂c
(
ψγ5γdψ
)
−
iκ2
4
(
ψγ0Da(ω¯)ψ − Da(ω¯)ψ γ
0ψ
)
(127)
This leaves us with the master constraint (126).
Note that, from Eqn.(126), we have:
∂tξ = κ
2 ∂tN
ll ψγ5γ0ψ , ξ ≡ N
llNkk −N lkNkl (128)
where we have used the fact that due to equations of motion all but N ij in Eqn.(126) are t
independent. This equation can also equivalently be written as:
N lm∂tN
ml =
(
N ll −
κ2
2
ψγ5γ0ψ
)
∂tN
kk
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Eqn (128) is equivalent to Eqn.(92) for I = 0 for the degenerate tetrads (24). For I = i,
Eqn.(92) is identically satisfied for configurations obeying the equations of motion listed
above.
V. CONCLUDING REMARKS
We have extended the discussion of degenerate metrics in first order gravity by including
matter fields. This has been done using first order action functionals for the matter fields.
Like the Hilbert-Palatini action, these matter actions are defined for both invertible and non-
invertible tetrads. The Euler-Lagrange equations of motion obtained from so constructed
actions are also defined for invertible as well as non-invertible metrics. This provides an
appropriate framework to study degenerate metrics. The phase containing non-degenerate
tetrads provides a description which is equivalent to second order theory of gravity coupled to
matter. For degenerate metrics, the theory exhibits a new phase with very different structure
which has been displayed through a detail analysis for non-invertible tetrads with one zero
eigen value. The matter fields considered are scalar, U(1) vector gauge fields and fermions.
Generalization to other matter fields like non-Abelian vector gauge fields is straight forward
and can be done in a similar manner. Also this analysis can be extended to study degenerate
tetrads with more that one zero eigen values in a similar spirit.
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